A characterization od a new source entropy by Forte, B. & Sastri, C.C.A.
Notc d i  M a t c n i n t i c a  L'o1.111, 1 5 - 2 7  ( 1 9 8 3 )  
( * * I  B. FORTE ( * ) a n d  C . C . A .  S A S T R I  
Cl : i s s ic : i l i ) . ,  i n  coriirnuiiicntion theo r ! . ,  s o u r c e  cn t i -op ) .  ( f o i -  :in!. 
cIi:iriiicI i i s  d c ~ - f i i c d  :is f o l ~ o i i s :  i f  $11 d e n o t c s  tiic u i i c e r t : i i n t > ,  cis- 
s o c i a t c d  w i t h  LI messcigc o f  l e n g t h  11, t h e i i  t h e  s o i i r c e  en t rop ! .  i s  
. -  
~ . .  2 ; :  I.ct 11 ( n = 0 , 1 , 7 ,  . . .  Ibc t h c  p r o b a b i l i t y  t h a t  a rncsc:igc i s  o f  
l c r i z t h  II and  l i  t h e  u n c e r t a i n t y  a s c o c i a t e d  i i i t h  a rnesscige g i v c i i  
( * )  D e p a r t m e n t  o f  Applied M a t h e m a t i c e ,  U n i v e r c i t y  o f  W a t e r l o o ,  Wa 
t e r l o o ,  O n t a r i o ,  C a n a d a ,  M2L 3 G 1 ,  r e c e a r c h  c u p p o r t e d  by  NSERC 
g r a n t  # A7677. 
i * * )  D e p a r t m e n t  o f  M a t h e m a t l c s ,  S t a t i s t i c s  a n d  C o m p u t i n g  S c i e n c e ,  
Dalhoucie U n i v e r c i t y ,  H a l i f a x ,  Nova C c o L i a ,  C a n a d a ,  B 3 H  4 H 8 ,  
r e c e a r c h  c u p p o r t e d  b y  N S E R C  g r a n t  #A4825. 
16 B .  Forte-C.C.A. Sastri 
t h a t  i t  i c  o f  l e n g t h  n .  Then t h e  c o u r c e  e n t r o p y  i s  
We c h a r a c t e r i z e  t h i c  e n t r o p y ,  i n  e f f e c t ,  by c h a r a c t e r i z i n g  t h e  nume 
r a t o r ,  namely  Z H p . ( A l t e r n a t i v e l y ,  one c a n  r e g a r d  C H p a s t h e  
c o u r c e  e n t r o p y  and  I a c  t h e  s o u r c e  e n t r o p y  p e r  u n i t  l e n g t h  o f  t h e  
m e s c a g e ) .  
n n n  n n n  
I n  p r a c t i c e  a l 1  mecsagec ,  however l o n g ,  a r e  f i n i t e .  The l i m i t  o f  
a c  n + m hac  b e e n  u s e d  h e c a u s e ,  a p r i o r i ,  t h e  l e n g t h  o f  a mes- " n n 
-~ 
cage  i c  unknown b u t  c o u l d  be l a r g e .  For  p r a c t i c a l  p u r p o c e s ,  Hn 
'n 
o f t e n  r e p l a c e d  by ~ n 
t h e  came r e s u l t  i f  p = 1 f o r  t h e  maximal n a n d  O o t h e r w i s e .  
i s  
f o r  some maximal n .  I n  t h a t  c a s e ,  I g i v e s  
n 
The p r i n c i p a l  a d v a n t a g e  i n  a d o p t i n g  I f o r  t h e  s o u r c e  e n t r o p y  i n -  
c t e a d  o f  Hm i s  t h e  f o l l o w i n g ' .  Using t h e  n o t a t i o n  o f  [ i ] ,  c o n s i d e r  
a message  o f  l e n g t h  
z e  bl. D e f i n e  
l e n g t h  i n  cuch  a mecsage by 
n c o n s i c t i n g  o f  l e t t c r s  f rom a n  a l p h a b e t  o f s i  
t P , ( n ) > ,  t h e  a v e r a g e  p r o b a b i l i t y  o f  e r r o r  p e r  u n i t  
1 l n  t P  ( n ) >  = - P ( n )  : - .I P ( i , n )  , e n e  n i=1 e 
where P e ( i , n )  d e n o t e c  t h e  p r o b a b i l i t y  o f  a n  e r r o r  i n  t h e  i th p o s i -  
t i o n .  Then d e f i n e  t h e  a v e r a g e  p r o b a b i l i t y  t P  > o f  e r r o r  p e r  u n i t  
A c h a r a c t e r i z a t i o n  o f  a n e w  s o u r c e  e n t r o p y  1 7  
l e n g t h  ( i n  an a r b i t r a r y  meccage)  by t P e >  = l i m  < P , ( R ) > .  An example 
n +m 
wac g i v e n  i n  [ Z ]  t o  chow t h a t  t h i s  l i m i t  d o e c  n o t  a l w a y s  e x i s t .  I f ,  
however ,  t h e  a v e r a g e  p r o b a b i l i t y  of  c r r o r  p e r  u n i t  l e n g t h  1s d e f i n e d  
E ( P e ( n ) )  
, where E d e n o t e c  e x p e c t a t i o n ,  t h e n  i t  e x i c t c  whenever  
b y  E ( n )  
E(n)  < m.  (The s t a t i s t i c c  c o l l e c t e d  f rom p a s t  e x p e r i e n c e  c a n  be  u s e d  
t o  e c t i m a t e  t h e  p r o b a b i l i t i e s  u s e d  i n  comput ing  t h e s e  e x p e c t a t i o n c .  
E ( P e l n ) )  
For a d i s c r e t e  memorylece c h a n n e l ,  r e p l a c e m e n t  o f  t P  h v  ___- 
E ( n )  
and o f  tim by I y i e l d s  a b e t t e r  lower  bound i n  t h e  c l a s s i c a 1  Fano 
inequa 1 i t y  1 
where C i s  t h e  c a p a c i t y  o f  t h e  c h a n n e l ,  H t h e  t w o - e v e n t  shannon  e n -  
t r o p y ,  T~ t h e  t i m e  i n t e r v a l  be tween  e o u r c c  l e t t e r s ,  and T t h e  
i n t e r v a i  be tween  c h a n n e l  l e t t e r e .  For  d e t a i l s ,  t h e  r e n d e r  i e  r e f e r -  
r e d  t o  [2]. 
The aim of t h i c  n o t e  i c  t o  show t h a t  t h e  new d e f i n i t i o n  i c  n o t a d  
hoc and i n  f a c t  t h a t  i t  h a s  c e r t a i n  " n a t u r a l "  p r o p e r t i c c  w h i c h ,  c o n  
v e r c e l y ,  c h a r a c t e r i z e  t h i s  new e n t r o p y .  T h i s  i s  a c h i e v e d  by n p p e a -  
i i n g  t w i c c  t o  a t h e o r e m ,  p r o v e d . i n  [ 3 ] ,  c h a r a c t c r i z i n g  t h e  e n t r o p y  
a s e o c i a t e d  w i t h  a random v e c t o r .  A s t a t e m e n t  and  e x p l a n a t i o n  o f  t h c  
theorem f o i l o w s .  
Let X = (X,,X2, . . . ,  X ) be a random v c c t o r  w i t h  r e a 1  components .  
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Suppose t h a t  X 1 , X z ,  . . . ,  X n  a r e  d i s c r e t e  random v a r i a b l e s  s . t .  t h e  
e t h e  c o i i e c t i o n  o f  r a n g e s  r a n g c  o f  X .  i c  ( a i l , a i 2 ,  . . . ,  a .  ) .  Deno 
im. 
1 
2 ,  ..., n ) .  L e t  t h e  j o i n t  
p r o b a b i l i t y  d i c t r i b u t i o n  be E x ( n )  E I -  , where 
mlm2* * * m  n
i i n .  , j .  = 1 , 2  ,..., m .  i = i , 2 ,  . . . ,  n I 
1 ’  
r m i  m ~ .  . * m n  i , j Z . .  . j n  
( X ( n )  ; I I x ( n ) )  d e n o t e  t h e  e n t r o p y  a s s o c i a t e d  w i t h  X, ( n l  
m i m ~ * .  .mn 
I,et I 
i.e., t h e  u n c e r t a i n t y  a b o u t  which v a l u e s  i t s  components  t a k e .  Obser -  
ve t h a t  t h i s  u n c e r t a i n t y  c a n  be  r e g a r d e d  a s  t h e  u n c e r t a i n t y  a c s o c i a -  
t e d  w i t h  a message of  l e n g t h  n ,  t h e  i t h  c h a r a c t e r  o f  which c a n  bc 
any one of  an a l p h a b e t  o f  m .  c h a r a c t e r s .  To e s t a b l i s h  t h e  c o r r e s p o n  
d e n c e ,  we n e e d  a n l y  s e t  a .  i f f  t h e  i t h  c h a r a c t e r  of t h e  me? 
c a g e  i s  t h e  j . t h  c h a r a c t e r  of  t h e  i t h  a l p h a b e t .  Observe  alco t h a t  
t h i c  e n t r o p y  i c  q u i t e  g e n e r a 1  i n  t h e  s e n s e  t h a t  i t  c o u l d  depend  n o t  
= j i  i ’ j  
o n l y  on t h e  p r o b a b i l i t y  d i s t r i b u t i o n  K b u t  a l c o  on t h e  r a n g e  
, ( n )  
( t h c  a c t u a l  c o n t e n t  f o r  m e s s a g e s )  a n d  t h e  s i z e s  o f  t h e  r a n g e s  y ( n )  
o f  t l ie  componentc o f  X ( t h e  l e n g t s  o f  t h e  a l p h a b e t s  f o r  m e s s a g e s ) .  
C o n s i d e r  now t h e  f o l l o h i n g  p r o p e r t i e c  f o r  t h e  e n t r o p y :  
A c h a r a c t e r i z a t i o n  o f  a n e w  c o u r c e  e n t r o p y  1 9  
i\.hc rc 1. i h )  J l i d  : tire m a r g i n a 1  d i s t r i h u t i o n s  o f  r d c  - 
(n-! i  1 i n )  s N N 
f i i i cd  i n  t h e  i i s i ia l  niannc-i., 
l h i  N - { ( a i , , : i .  . . . ,  ; I .  ì , i = i ,? , . . . ,  k }  
1 2 '  I in . 
! i + l , .  . . , I l : *  
T h i s  p r o p c r t ! .  I I I C ~ ~ I I ~ S  t h a t  i l '  ;I  riiess:igc o f  l e i i g t l i  i i  i s  d i v  ticd i n t o  
two b l o c h s ,  011~- o f  l c n g t h  h a n d  t h e  o t h c r  o f  l e n g t h  11-h,  t h e n  t h c  
u n c e r t a i n t y  : iboii t  t h c  [i11 1 mcssagc c a n n o t  Ilc b i g g e r  t h a n  t h c  SLinì o f  
t h c  u n c c T r t a i n t i c s  a b o u t  t h c  tivo I > l o c ! i s .  I f ,  ho iccvei - ,  t h e  two  I > i o c k s  
; ire i n d e p c n d e n t ,  t h c  ~ i i i c c r t : i i n t  i c s  s h o u l d  a d d  u p ,  i . e .  t h e  c n t r o p ) '  
s h o i i l d  h a v c  thc- f o l l o w i n g  p r o p e r t ! . .  
i \ 'hcnevcr t h c  d i s t i i b u t i o n  T: i s  t h e  p i o d u c t  o f  i t s  r n a r g i n a l s  
l i n i  
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3.  LOCAL SYMMETRY 
For any  p o s i t i v e  i n t e g e r  s ,  l e t  X (") = { ( a i l  ,..., a .  1, i = i m  . 
= { ( a i l , a i 2  ,..., a .  ) ,  i = s + l  ,..., 2s). Let  a .  = a .  (i=1,2..s, 
k = 1,2,. . . , m . )  
i m .  i+s,k i k 
a n d  assume t h a t  X(') and  X 1 ( "  a r e  i n d e p e n d e n t .  
Then 
(2s)  ( 2 s )  .nT(C,k 
m l m 2 . .  . m  m m (x ' (2s) 
p) 
m l m 2 . .  .riisrnlrn2...rns s 1 2"-ms 
) = I  
X 
( x ( 2 s )  ;n x ( 2 s j  
-t + 
where h = ( h l , h 2  , . . . ,  h s ) ,  k = ( k l , k 2  ,..., k c )  ( 1  5 h i  , k .  < m . )  
1 =  1 
by i n t e r c h a n g i n g  t h e  e n t r i e s  
, (ZS) 
a n d  X T("') i s  o b t a i n e d  f rom iì 
p s )  
a n d  . T h i s  p r o p e r t y  i s  a ' h l h 2 . . . h s k l k 2 . . . k ,  ' k l k 2 . .  .k s 1 2  h h . . . h  s 
t e c h n i c a l  n e c e s s i t y ,  b u t  i t  c a n  be  m o t i v a t e d  i n  commuta t ion  t h e o r y  
a s  f o l l o w s .  Suppose  t h a t  t h e  s e n d e r  of  t h e  message i s  a spy  who 
h a s  i n f i l t r a t e d  enemy t e r r i t o r y  and t h a t  t h e  r e c e i v e r  is h i s  employer. 
Suppose  t h e r e  i s  a n  u n d e r s t a n d i n g  be tween  them t h a t  whenever  h e  
s e n d s  a s p e c i f i c  message i t  i s  meant  t o  be  a n o t h e r  s p e c i f i c  messa-  
ge ( o f  t h e  same length-1.  C l e a r l y  t h e n  t h e  i n t e r c h a n g e  of  t h e s e  me? 
s a g e  s h o u l d  n o t  a f f e c t  t h e  u n c e r t a i n t y .  
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4 .  BOUNDEDNESS. 
For e a c h  q [ O , l ] ,  l e t  
n '  = {r j l j  z . . . j n  'h lh ? . . .  h = ""klk 2 . . . k  = 1 - q  a n d  
(11 1 n s 
7 1 .  = O o t h e r w i c e ) .  
J l j 2 . .  - j n  
( n )  
h l h  2 . . . j  k k .kn(q) d e n o t e  t h e  f u n c t i o n  , l e t  f . For f i x e d  X ( n )  n i 2" 
t h a t  t a k e s  (1 t o  I n  ( X ( n ) ; n l  ) .  I n t u i t i v e l y ,  we e x p e c t  t h a t  
m 1 m 2 * . . m n  , ( n )  
(n)  ,(n) ' h l h  2. . .h .k h, ... k (0)=fh n l -  n . . . j k k,. . .h (1 )=O. Wc ehal l  require  t h a t  there e x i c t  1 2  n l -  n 
vq E [ 0 , 1 1  ' 
(n  I ( n )  
' h l h 2 . .  . h n k l k 2 . .  . k n  2 I " h l h 2 . .  . h n k l k 2 . .  . k n  
Thic  r e g u l a y i t y  p rop je r ty  i s  a t e c h n i c a l  n e c e e s i t y  
( n )  (X(");II ) hass P r o p e r t i e s  'I'HEOREM . I f  and  Qnly i f  I 
"1 m 2 .  . amn , ( n )  
3 
1 - 4 ,  i t  h a s  t h e  f o l l o w i n g  form:  
where A i s  a n o n- n e g a t i v e  c o n s t a n t ,  t h e  B!S  a r e  a r b i t r a r y  r e a l - v a  
' i  
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l u e d  f i i n c t i o n s  o f  , t h e i r  n r g u m e n t s  a n d  
C I r i )  b c i n q  n f u n c t i o n  o f  i t s  n r g u m e n t s  t h a t  c a t i s f i e s  1 - 3 .  
ho\\  c o n s i d e r  ;i s ou rce  w h i c h  s c n d s  rnessnges o f  a r b i t r a r ) ’  b u t  f i -  
n i t e  l c r i g t h .  
I.ct I ’ .  d e n o t c  t h e  p r o b a b i l i t y  t h a t  t h e  I c n g t h  o f  n rncss:igc i i i l l  
l i < ,  i an i !  I c t  I l .  d e n o t e  t h c  u n c e r t a i n t y  n s s o c i n t e d  w i t h  a rnessage 
g i i . c ) n  t li;it  i t  i s  o r  l e n g t h  i .  Let  
H“’ = i l l , , t I ? ,  . . .  1 
P ( l )  = { P 1 , P 7 ,  . . .  i 
l t  i s  n: i t i i ral  t o  assume t h n t  t h e  s o u r c e  e n t r o p ) ,  I C 1 ’  f o r  s u c h  
s o i i r c c  J c p e n d s  on 
t h c  u n c c r t a i n t ! .  a c s o c i a t e d  w i t h  t h c  random v a r i a b l e  kchich t a k c c  t h e  
;i 
2nd  P “ ’  - i n d e e d ,  i t  c a n  b e  r e g a r d c d  a c  
v a l u c s  t i ,  , t I ? ,  . . . w i t h  p r o b a b i l i t i e s  P , I ’ , ,  . . . . l h u s  t h e  c o u r c e  1 -  
cri trop!’ I “ I  il‘(”; H “ ’ )  
c h a r a c t e r i x d  b y  t h e  a b o v c  t h e o r e m .  b l o r e o v e r ,  p r o p c r t i e s  1 - 1  b e c o -  
irie m e a n i n g f u l  f o r  s u c h  a n  e n t r o p y  when s u i t a b l y  i n t c r p r e t c d .  Por  
cxarnplc,  s u l i - : i d d i t i v i t ! ~  mennc  t h a t  i i  t h e r e  a r e  two  s o u r c e s  s e n d i n g  
messages - sa ) . ,  two  s p i e s  - a n d  one  r c g a r d c  them t o g e t h e r  a s  a sii i-  
g l e  s o u r i ‘ e ,  t h e n  t h e  s o u r c e  e n t r o p y  o f  t h e  co inpos i te  s o u r c e  s h o u l d  
n o t  e x c e c d  t h e  sum o f  t h e  s o u r c e  c n t r o p i e s  of t h e  c o n s t i t u e n t  s o u r  ~ 
C C S ,  i \ - i t h  equa1  i t ) .  h o l d i n g  when t h e  t i i o  s o ~ i r c ‘ e s  ;1re i n d e p e n d e n t  ( a d  -
i s  nn e x a m p l e  o f  t h e  k i n d  o f  c n t r o p y  
A c h a r a c t e r i z a t i o n  o f  a new c o u r c e  e n t r o p y  2 3  
d i t i v i t y ‘ ) .  Cimilarly, l o c a l  syrnnieti-!. mcans i n v a r i n n c c  u n d e r  t h e  i n  -
t e r c h n n g c  o f  s o u r c c s  i n  s p c c i f i c  i n s t n n c e s .  l ~ i n a l l > ~ ,  h o u n d e d n e s s  
on  one s i d e  i s  a w e n k  r c g u l n i - i t y  propei-t!’ - i n  f a c t  i t  wou ld  b c  r e 5  
s o n a b l e  t o  a s s u m e  t h a t  t h e  s o u r c e  e n t r o p y  i s  n o n - n c g n t i v c .  Al 1 t h c -  
s e  p r o p c r t i e s  c o i i l d  be w r i t t e n  down e x p l i c i t l y ,  b u t  we s h a l l  n o t  d o  
s o  f o r  t h c  s n k e  o f  h r e v i t y .  
I t  fo l  k o ~ s  t h c n  fi-om t h e  c h a r a c t e r i z a t i o n  t h c o r e n i  - w i t h  o b v i o u s  
c h a n g e s  i n  n o t n t i o n  - t h a t  
+ C ( H ,  , I l 7 , .  . . ; c u p p  (P ( 1 )  , \ , \ . 
Suppose  t h a t  i n  n d d i t i o n  t o  p r o p c r t i e s  1 - 4 ,  I ‘ l ) ( P ( ’ ) .  H ” ’ )  h n s  
t h e  f o l l o w i i i q  two p r o p c r t i e s :  
, I l ,  = I l , ,  P .  = O V i  # 1 , 2  t h e n  
L 1  
o .  I f  P, -;  , I’? = 1  2 
T i ” ( P i l ) ,  z [ i  
1 ‘  
P r o p e r t ) .  5 i m p l i c s  t h a t  I l .  = B. ( H  , I l 2 , .  . . i  + C. 1 1  
l lence 
s o  
13. P .  + (; = Z (B. + C)P. = 1 Il .  P . .  
1 1  1 1 1 1  1 1 1  
I ” ’ ( P ( ’ ) ;  H ( ” 1  = - A  ZP. log Pi  + Z I l .  I > . .  
1 1  1 1 1  
2 4  
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H ,  = - A l o g  2 + H1 
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which  i m p l i e s  t h a t  A = O .  Thus we have 
The c o n d i t i o n a l  e n t r o p i e s  H c a n  t h e m s e l v e s  be c h a r a c t e r i z e d  by p r o  
p e r t i e s  1- 4  p l u s  a few a d d i t i o n a l  o n e s .  F o r  i n s t a n c e ,  i n  o r d e r  t o  
r e c o v e r  t h e  Shannon e n t r o p y ,  we s h a l l  assume t h e  f o l l o w i n g  i n  a d d i -  
t i o n  t o  p r o p e r t i e s  1- 4 :  
n 
7 .  l i  d e p e n d s  o n l y  on t h e  d i s t r i b u t i o n  Ii a n d  n o t  on t h e  c o n t e n t  
n ( n )  
X ( n )  . 
8 .  F o r  1 g h .  , k .  i 
1 -  
(n  1 
h l  h 2 .  . . hnk l i m  f 
q+o+ 
m .  I i i g i i ,  
1’ 
( 0 )  ( n )  h l h 2 . .  .hnk k 2 . .  * kn (9)  = o = f k 2 . .  .k  n 
Observe  t h a t  p r o p e r t y  8 i s  a c o n t i n u i t y  p r o p e r t y  t r a d i t i o n a l l y  u s e d  
t o  e l i m i n a t e  t h e  H a r t l e y  e n t r o p y .  
Now p r o p e r t i e s  1- 4  a n d  7 irnply t h a t  
n m i  
H = - A .  . C  7 1 .  . 
],I 2 . . . j n  J , I ~ . . . ~ ~  
where t h e  B .  
s p e c i f i e d  a rgument  t h a t  s a t i s f i e s  1- 3 .  I n  p a r t i c u l a r  we h a v e  
a r e  a r b i t r a r y  c o n s t a n t s  and  G ( n )  i s  a f u n c t i o n  o f  t h e  
’ i  
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Property 8 then givec 
Since this must be true for every cboice of (hl,h2, ... ,hn) 




= conct. = : B 9 c = T , 2 ,  ..., n , ks = l , Z ,  . . .  
S 
Hence G ( C ~ p p ( i l ~ ( ~ ) )  = -nB. whenever the cardinality of 
s~pp(II~(~)) is 1 or 2. 
Let TI' and II" be any two probability distributionc on 
(n) (n) 
(n) the carne 
Let 
,(n) By impocing propertiec 2 , 3  and 1 in that order on 
26 B. Forte-C.C.A. Sastri 
with a standard technique3 we obtain 
Ry choosing Ii' and li" so that D' and D" have cardinality 
1 ,  
(n) (n) 
G(n) ( C  U D') - G(n)(C U D") = O .  
(n) llence G (Supp(Iix(,))) depends only on the cardinaiity of 
1 .  By choosing Ii" so that D" = 0 one can recognize 
(n) 
nality of Supp(il . A last recourse to additivity yields 
,(n) 
G(n)(Supp(Ii ) )  = - nB 
X" 
for al1 possibie v'alues of the cardinality of Supp (li ) .  
Hence 
Xn 
l o g  n + nB + G ( n )  (Supp ( I I  (,,))' H = - A .  .Z 71 .  
X 
J,J~...J~ J ~ J ~ . . . J ~  j l j2 . .  .jn 
= - A  1 7.  l o g  n .  . 
j13 2 . . . ~ n  ~~j~...j,, J~J~...J, 
A c k n o w L e d g e m e n t .  We wish to,thank an anonymous referee for making 
certain remarks which led to a clarification of the origina1 paper 
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